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0 1. Let a > 0, b > 0 and k #O be integers. Pillai [5] conjectured that equation 
(1) axm-by”=k 
has only finitely many solutions in integers x> 1, y> 1, m > 1 and n > 1 with 
mn L 6. Tijdeman [9] proved, effectively, that equation (1) with a = b = k = 1 has 
only finitely many solutions in integers x> 1, y > 1, m > 1 and n > 1. For given 
integers x> 1 and y> 1, LeVeque [4] proved that there is at most one pair (m, n) 
in integers m > 1 and n > 1 satisfying (1) with a = b = k = 1. We prove 
THEOREM 1. Let a>O, b>O and k#O be integers. Let x>l and y>l be 
integers. Suppose that (m,,n,) and (m2,n2) are distinct pairs in positive 
integers satisfying 
(2) max (ax”j by”l) > 953 k6, i = 1,2. 
Assume that equation (1) is satisfied by m = ml, n = n, and m = m2, n = n2. 
Then either ml fm2(mod 3) or nl fn2(mod 3). 
The proof of theorem 1 depends on an estimate of Baker [l] on the approxi- 
mations of algebraic numbers of the type (u/o)~“~ by rationals. The precise 
dependance on u and u in Baker’s estimate is crucial for the proof of theorem 
1. An immediate consequence of theorem 1 is the following result. 
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COROLLARY 1. Let a>O, b>O and k#O be integers. Let x> 1 and y> 1 be 
integers. There are at most 9 distinct pairs (m, n) in positive integers satisfying 
(1) and 
(3) max (ax”‘, by”) > 953 k6. 
If k= 1, we apply corollary 1 to obtain 
COROLLARY 2. Let a > 0 and b > 0 be integers. Let x1 4 and y 2 4 be integers. 
There are at most 9 distinct pairs (m, n) in integers m r 3 and n 13 satisfying 
(4) axm-by”= 1. 
If one of the integer variables x> 1, y> 1, m > 1 and n > 1 with mn 16 is 
fixed, it follows from a theorem of Schinzel and Tijdeman [6] that equation (1) 
has only finitely many solutions in the other three variables. Further this result 
is effective. In particular, equation (1) with x>l, y> 1, m>l and n>l with 
m = 0 (mod 3) or n = 0 (mod 3) implies that max (x, y) is bounded by an effec- 
tively computable number depending only on a, b and k. Hence theorem 1 
implies the following result. 
COROLLARY 3. Let a> 0, b > 0 and k #0 be integers. There exists an effec- 
tively computable number C> 0 depending only on a, b and k such that for all 
integers x> 1 and y > 1 with max (x, y) 1 C, the number of distinct pairs (m, n) 
in integers m > 1 and n > 1 satisfying (1) is at most 4. 
Let X, Y, A and B be integers satisfying 
(5) l%A<X, llB<Y, A(Y-l)#B(X-1). 
We consider the equation 
(6) - 
AXm-l=BY”-l. 
X-l 
- in integers rn? 1, nrl. 
Y-l 
This equation of Goormaghtigh arose from the question whether an integer has 
all the digits identically equal in their expansions to two distinct bases. We 
apply corollary 1 to obtain the following result. 
COROLLARY 4. a) Let X, Y, A and B be integers satisfying (5). There are at 
most 9 distinct pairs (m, n) in integers m > 15 and n L 15 satisfying (6). 
b) Let X> 1 and Y> 1 be distinct integers. There are at most 9 distinct pairs 
(m, n) in integers m L 9 and n 19 satisfying (6) with A = B = 1. 
For integers X and A with 1 I A <X, denote by S,(A) the set of all integers 
whose all the digits are equal to A in their X-adic expansions. We write ISI for 
the number of distinct elements in a set S. For integers X, Y, A and B satisfying 
(5) and XI Y, equation (6) implies that n urn + 1 and equation (6) with 
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A = B = 1 implies that n <VI. For a given positive integer n, there is at most one 
positive integer m such that (6) is valid. Hence we derive from corollary 4 the 
following result where there is no loss of generality in assuming that XI Y. 
COROLLARY 5. Let X, Y, A and B be integers satisfying (5). Then 
IWA)W4B)I 124 
and 
~s,(l)ns,(l)~ I 17. 
For an account of earlier results on equation (6), see [3] and [7]. Next, for 
given integers x> 1 and n > 1, we give a bound for the number of pairs (y, m) 
in integers y> 1 and m > 1 with mn 2 6 satisfying (1). Like in [8], we apply a 
theorem of Baker [l] and an estimate of Baker [2] on linear forms in logarithms 
to prove the following result. 
THEOREM 2. Let a> 0, b>O and k#O be integers. Let x> 1 and n > 1 be 
integers. Then the number of distinct pairs (y, m) in integers y > 1 and m > 1 
with mn 16 satisfying (1) is at most 
where C, >0 is an effectively computable number depending only on a, b 
and k. 
0 2. PROOF OF THEOREM 1. Suppose that the assumptions of theorem 1 are 
satisfied. We assume that m, = m,(mod 3) and nl = nz(mod 3) and we shall 
arrive at a contradiction. Since the pairs (ml,nl) and (mz,n2) are distinct, we 
see from equation (1) that m, #m2. Further, there is no loss of generality in 
assuming that m, >m2. Then, by (l), we see that nl >n2. We write 
ml=m2+3M, n,=n2+3N 
for some positive integers M and N. We assume that k>O. The proof of 
theorem 1 in the case kc0 is similar. 
We see from (1) with k>O and (2) that 
(7) ax”* = max (ax+, by”*) > 953 k6 
and 
(8) l+k 
4 
<A:=% 953 
axm2 ax”‘*-k<z’ 
We have 
(9) ax”‘1 - by"] = k, ax”” - by”* = k. 
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Therefore 
Y 
3N- axml-k -- 
axmz - k 
and hence, 
(10) 0+-(~)‘~=----&& 
Now it follows from (lo), (8) and (7) that 
(11) fl< yN< (953/952)x? 
Further (10) implies that 
N 
(12) I I kA -- ” A1’3 $f < 3axm,+3M’ 
Now we apply a theorem of Baker [I] with m = 1, n = 3, p3 = 3 “2, a = 3axm2 
and b = 3(axm2- k). In view of (7), we can estimate K from above by 5/2. We 
conclude that the left hand side of inequality (12) exceeds 
(96fl axmz)-1x-5M’2. 
Therefore 
(13) p<2054 k2. 
Eliminating b in (9), we have 
(14) axmz(y3N -x3M) = k(y3N- 1). 
We see that the left hand side of (14) exceeds 3axm2xZM, whereas the right 
hand side of (14) is less than ky3N. Combining these estimates, we see from 
(11) and (13) that 
axmz c 690 k3 
which contradicts (7). This completes the proof of theorem 1. 
PROOF OF COROLLARY 2. In view of corollary 1, it suffices to show that 
equation (4) with integers x14, yr4, mz3 and nz3 implies that 
max (axm, by”) > 953. We assume that 
(15) max (ax”, by”) I953 
and we shall arrive at a contradiction. 
By (15), observe that x49 and ~19, since mz3 and nr3. Notice that 
93f1,83+l,73+1,2~73+1andU63~1with1~U~4arenotdivisiblebya 
cube of any integer between 4 and 9. This, together with (4) and (15), implies 
that x15 and ~55. 
Let x=5 and y=4. By (15), we see that m=3, lsar7 or m=4, a=l. The 
latter possibility is excluded, since 54- 1 is not divisible by 64. By (4), it 
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follows that 3a= - l(mod 64) which implies that a= 2l(mod 64). Therefore 
a 121 which is a contradiction. Let x = 4 and y = 5. Observe that 54 + 1 is not 
divisible by 64. Therefore m = 3, 1 lb17 and 3b= l(mod 64). Consequently 
b=43(mod 64) which is not possible. This completes the proof of corollary 2. 
PROOF OF COROLLARY 4. a) Let X= Y. Then we see from (5) that 
0< IA -B 1 <X. On the other hand, equation (6) implies that X divides A -B. 
This is a contradiction. Thus there is no loss of generality in assuming that 
X< Y. Further we re-write equation (1) as 
(16) A(Y-l)Xm-B(X-l)Y”=A(Y-l)-B(X-1). 
Observe that the absolute value of the right hand side of (16) is less than 
(Y- 1)2. Now the assertion follows from corollary 1, since 
Y”>953(Y- 1)‘2, n>lS. 
b) We may assume that X< Y. Putting A = B= 1 in (16), we have 
(17) (Y- l)Xrn-(X- l)Y”= Y-X. 
Observe that Y-XI Y- 2 and 
Y”>953(Y-2)6, n29. 
Now we apply corollary 1 to equation (17) and the assertion follows. This 
completes the proof of corollary 4. 
Q 3. In this section, we prove theorem 2. We shall derive theorem 2 from the 
following result. 
LEMMA 1. Let a>O, b>O and k#O be integers. Let x>l and n?4 be 
integers. Suppose that (y,, ml) and (y2,m2) are distinct pairs in positive 
integers such that m, =m2(mod n). Assume that equation (1) is satisfied by 
y = yl, m = ml and y = y2, m = m2. Then x is bounded by an effectively compu- 
table number depending only on a, b and k. 
PROOFOFLEMMA 1. We denote by c and cl effectively computable positive 
numbers depending only on a, b and k. We suppose that x1 c with c sufficiently 
large. By (l), we see that ml fm,. So there is no loss of generality in assuming 
that ml >m2. We write ml =m,+Mn for some positive integer M. We assume 
that k> 0. The proof of lemma 1 in the case kc0 is similar. We have 
(18) by; = ax”’ l-k, by;=ax”*-k. 
Thus 
axm’ - k =- 
ax”‘“-k’ 
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As in the proof of theorem 1 of [8], we apply an estimate of Baker [2] on linear 
forms in logarithms and a theorem of Baker [l] to conclude that M] 5 3~. 
Eliminating a in (18), we have 
b(yT - (y&q”) = k(P” - 1) 
which, together with (18), implies that 
C;1Xm,(n-l)/n<y;-1<kx”l-“2. 
Therefore 
xm~<c,kxm”nzqkXm”4 
which, by ml <3m2, implies that x<(c,k)4. This completes the proof of 
lemma 1. 
An immediate consequence of lemma 1 is the following result. 
COROLLARY 6. Let a > 0, b > 0 and k # 0 be integers. There exists an effec- 
tively computable number C,>O depending only on a, b and k such that for 
all integers x> C, and nz4, the number of distinct pairs (y,m) in positive 
integers satisfying (1) does not exceed n. 
PROOF OF THEOREM 2. By a theorem of Schinzel and Tijdeman [6] stated in 
0 1, we may assume that x> C, and n14. Now we apply corollary 6 to 
complete the proof of theorem 2. 
REMARK. The right hand side of inequalities (2) and (3) can be replaced by 
C3k3+A where C,>O is an effectively computable absolute constant. 
I thank S.J. Lobo and R. Tijdeman for their comments on an earlier draft 
of this paper. 
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